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"smooth"; to be precise about this, we regard X as a map of U into
T.(U). Since Xae Ta(U)‘ we can write X as a~—(a, Xa).

Definition. A vector field is a smooth function X: U—> T.(U) such
that the composite woX is the iaentity' function: woX = 1U "

The last requirement means simply that

X : umwe(u, some tangent vector at u).

Recall that the vector space T?U has the basis daqi, 5 & da.qn , where

the qi are coordinates in U. It seems natural to put coordinates on T (V)
| i

so that the point (a,w) ¢ T*(U) is viewed as (qi, ., a5,k daq ! ...',hndqqn),

where the q1 and the h' are the coordinates of a and w, respectively.

‘ 1
Thus w = h1daq i ew T hndaqn. In a similar way, we put 2n coordinates

on the tangent bundle. We have seen that, if f is a function on U, then

- of |
daf— z( i )a daq

oq
is a point of T?U. Hence we can write
' of i
(*) af = > (—) da
9q

for the fupction which assigns to every point a of U the cotangent vector
daf; it is thus the cotangent-space analogue of a vector field. Expressions
like the above constantly pop up in physics; for example, if the three com-
ponents of force in space are represen-ted by the functions Fi of x,y, and z,

the infinitesimal work is usually defined by

dW=F1dx +F2dy ¥ }?‘3dz.
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When we interpret dW, dx, and so forth, not as infinhitesimals, but as
cotangent vector fields, this equation resembles equation (*). This will
actually be the way we put the notion of "infinitesimal" on a sound mathe-

matical basis.

§4 Vector Bundles

Take a long narrow strip of paper, draw a line down the middle length-
wise, and paste the ends together by twisting once.to form afigure called the

mobius strip. The line down the middle now becomes a circle, and the

surface can be thought of as composed of vectors ("fibers") perpendicular to
the circle and radiating from it. We are about to see how the mobius strip

"can be viewed as part of a vector bundle over the circle.

First we define the simpler notion of pre-bundle. Given two sets U - .

and V, their cartesian product U XV is defined to be the set of all pairs

(I'_u, v) with ue U, ve V. Given sets G, E, U, and maps o and 7 forming

the following diagram

U E as the universal object making the square

GXUE
| -
&—1U

commutative; (universal objects and commutative squares will be defined in

we define the Eullback G X

> E
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due course). Specifically, the:pullback:can be defined as the following set:

GXUE = {(e,g)| ec E, ge G, we = og}.
| | B B
A pre-bundle, usually written l‘ﬂ' , is a pair of sets B, U and a map
U

between them such that B and U are open in some Euclidean space, T is a
smooth map, and on each fiber T'l(u) = {b | be B, wb = u} there is a smooth
addition and a scalar multiplication defined so that each fiber forms a vector

space. DBy this we mean that

) (i.e., b, and b, are in the same fiber),

. (a) ifb,,b, ¢ B with 'n'(bl)='rr(b 1 5

1* "2 2

and if k is a real number, then there are points bl + b2 and bk in B
with -rr(bl+b2) = -rr(blk) = 'rr(bl) i .

(b)* the resulting operations on each fiber satisy the vector space axioms,
so that each fiber by itself becomes a real vector space,

(c) the maps +:BX_B—>B and . :BXIR—>B are smooth.

U
. To state property (c) we must make the additional postulate that B XUB, the

pullback in the diagram B XUB > B may be embedded in some
l v
B———>U

Euclidean space as an open set. U is usually called the base space, B the
total space, and w the projection of B on U. Notice that §vhi1e U is an
open subset of some vector space IRk, U is not itself a vector space.
Neither is B; instead, it is made up of a lot of vector spaces glued together

like a bundle of sticks.
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The easiest example of a pre-bundle is the product space UX YV,

3 - n . m
where U is an open setin IR° and V is a real vector space, V = 1R
for some m. When we define w(u,v) = u, we see that the fiber
'rr-l(a) = {(a,v) I v e V} is just a copy of V, and so inherits the vector-space

structure of V. One can check that the other requirements are satisfied.

Such a pre-bundle is called a local vector bundle.

Suprisingly enough, the tangent bundle to an open set U is a pre-
bundle, (indeed, a local vector bundle) with U the base space, T.(U) the

total space, and w:(a,v)m~v the projection. Moreover, there is an iso-

~d

morphism T.(U) >U X R" obtained by mapping (a,v)m(a,(vi, cees vn)),

where v has coordinates v! ; that is,

This isomorphism is a bundle map, in the sense that points lying in the fiber

over a point 2 of U are mapped into points in the same fiber. More

H ~

. generally, the pair of smooth maps (H,h) in the diagram B —> $
™ | T

§ ~

| S

is called the bundle map if #H = hw (that is, if the diagram commutes), and

if the map H is linear on each fiber. The first condition means that the fiber

over a is mapped into the fiber over h(a); the second can be stated

b, = wb, => H(b, +b,) = H(b) + H(b,), H(bk) = H(b)k.

A cross-section of a pre-bundle is a smooth map x: U—> B such that

wx = 1 y? inother words, x(u) lies in the fiber over u . For example, we
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always have the zero gection: x(u) = 0, all ue B. Inthe case of a local
vector bundle; for any constant vector L7 of V the map umas(u, Voi is
a cross-section. In general, the set of all cross-sections of a bundle T,
denoted by I'(w), has an add?tive structu.re [(xi +XZ)(u) = xi(u) + xz(u)] .
as well as right multiplication not just by ordinary scalars but by real-valued
ismooth functions: if f e 3" , (xf)(u) = x(u)£(u). Since xf and x1+‘x2 are
also smooth, we find that I () forrhs a module over F .

Now that we know that T.(U) is a pre-bundle, we can redefine a vector
field to be a cross-section of T.(U). The inevitable dual object, a cross-

section of T°(U), will be called a differential one-form, or a co-vector field.

Before considering these creatures, we observe that an ordinary vector field
may act on £unct>ions r'nuch like a directional derivative; that is, given a func-
tion and a vector field, we define a new function whose value at every point is
the derivative of the original function in the direction given by the vector field
at that point, Form.ally, given g ¢ j and X ¢ I (w), define
(Xg)a) = <d g Xa>.

It is important not to confuse Xg, which is a function, with the vector field
Xg, the product of the cross-section X of T.(U) with the function 'g.v The
context should usually make clear whic_}:x one is meant.

Since T (U) is a pre-bundle in exactly the same way that T.(U) was,
it makes sense to speak of a cross-section of T°(U), and such a function

will be called a differential one-form on U. For example, if f is a smooth

function taking U into IR, the function df defined by df(a) = (a, daf) ¢ T (U)
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is a differential one-form. From the ith_coordinate function q , which maps
; ’ . : i
a point of U to its ith_coordinate, we get a form dq, and we can express

df for a general f in terms of this basis:

(1) at(a) = (a'a), ..., @) (—E0) aah .. () ad”).

The differential one-forms are a module over 3" , just as the vector fields
r—'
were; given a form w and a function g ¢ & , we define gw (a new form) by

the equation gw(a) = (a, gla)wa) if w(a) = (a3, w,). Then formula (1) shows that

z (——dq )

which is now a rigorously based statement of the familiar law of partial

differentiation.
It is easy to see that any differential one-form on U can be written as

n . o 5
i . o o
w= E h dq:L , where the h' are n smooth functions on U, But it is an

i=1

important fact that in general not every form w is of the form df for some
smooth f. This problem is related to the well-known condition for exact-

ness of a first-order différential equation (cf. Apostol, vol. Ii, p.239). Thus
we can define a one-form w ;co be exact if there is a‘smooth function .f on U
such that w= df. In a simply-connected two-dimensional region, like the
interior of a circlé, a necessary and sufficient condition for the one-form
w=hdx + k dy to be exact is _that 3h/ay = ak/Bx . In general, however, this
is only a necessary condition (cf. Maékey, p. 18, footnote), so we define a new

expression, the differential of w, as
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J s = P
oh’ i, . _ i.-4
E : dq dq if ws= z h'dq
i,j=1 aq 9q ;
i<j '

/and we say that w is closed if dw = 0. Thus any exact form is closed but

/

o

not vice versa. The proverb1a1 "alert reader" may have noticed that the
above conclusion depends on the definition of exactly what qu qu means;
for the moment, however, we merely point out the analogy between the form
of dw and that of the "curl" of a vector field in three-space, which allows us
to compare and contrast our condition for a fon;u to be exact with the common-
pla.ce' of physics that a field has a potential function if and only if its curl is
zero. (It is worth pointing out that in n-space there are n_(n?:_-_i_)_ different
dqidqj fér i and j ranging between 1 and n, i<j; when n =3 it happens
tha.t in(n-‘l) is also 3. So while in the three-dimensional case the curl of a
field is a vector of the same dimension as the field, this need not be true in
general. )

We previously considered the effect of a mapping ¢: U—> U on cotangent
vectors; for each point a of U, ¢ induces a linear map go*: Tgo(a.) U—> T u,
It is easy to generalize this to the case of differential forms. Let ® bea
one-form on 8; we desire to construct a form <p*§ on U. Given a ¢ U, we
have ¢(a) e U. It w(e(a)) = ((p(a),w)t W e T¢(a) (ﬁ), then define
(0™ ) (a) = (a., ¢*(w)) where ¢*(w) e Ta(U), so (a,¢*(w)) ¢ T*(U). In a typical
physical application, ® would represent the work for some displacement, and

¢*w would be the same work function expressed in terms of a different general-

ized coordinate system , given by the change ¢ of coordinates from U to U.
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In the case where w= df , Where T is a real-valued smooth function

~

on U, we can derive

p*(@T) = dToq) = > 2eo) o

In particular, '
3 m Ni s
%y, ~1 9
*aqh) = > =2 ag .
j:i aq E
: : . ~i
Here the coefficients of dq form the familiar Jacobian matrix __‘1__)_3(8 ; £ .
o :
Moreover, ¢ (fw) = (p*T)(9"0) = (Foo)(o¥w), where 9% = Top; and

when we have defined the operator d on forms it will turn out that

3 by
dle w) = ¢ ‘(dw). These equations can be interpreted as properties of the
b ., o~ . ;
map ¢ : I(T' U)—> I'(T'U), where I'(T"(U)) is the }-module of all
/ 3
differential one-forms on U.. Finally, if we have the diagram of maps
Eq

= . *®
U 2 5u Y 5 U then D(T'U.)—t— I(T'U.) 2—> I(T"U,) and
1 2’ 3 3 2 1
3 %, 3 ¢
we have (y¢) w = ¢ (up"( w)). We saythat ( ) 1is a "contravariant functor".

We can pull-back not only differential forms but also whole pre-bundles

~

along the map ¢ . Specifically, given the situation T_n_

1

where g

i ——s T

is a pre-bundle, construct a new set

B = {(a,%)l ae U, beB, and ¢a = 'n"';} !
(This - set B is exactly the "pullback"#UXN B discussed earlier.) If we de~-
fine -rr(a,";) = a ¢ U, then it can be shown I1:Jha.t B is a pre-bundle. Intuitively

speaking, given any point a of U we have found the fiber over the image of

a under ¢ and made that fiber the fiber over a in our new bundle. Notice
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~

that if B is a tangent bundle then its pullback need not be; for example,
if U is some open set in the plane, and -U is a line lying in U , the pull-

back B will have a two-dimensional vector space over each point of U,

whereas the tangent bundle to a line is always one-dimensional.

§5. The Lagrange Equations

(As a reference for the following discussion of the Lagrange equations, cf.

Goldstein, pp.10-18, and Whittaker, pp.30-35.)

: g . " d 3N
We consider a system of N particles with coordinates X ,...,X 5

moving subject to contraints, in such a way that the system can be described
by n generalized coordinates qi, B q_n. For example, the .position of a
sphere rolling on a plane is completely determined by x and y, the coordi-
nates of the center of the sphere, and the three Eulerian. angles '9, U, ¢ which
determine how much the sphere rotates. We make the assumption that the
constraints are holonomic; that is, we can make small displacements in each

j (a)

of the g’ independently. Given applied forces Fi and constraint forces
F](.c) in each of the euclidean directions xl, i=1,...,3N, and under the

assumption that the forces of constraint do no work, we will show that the

system obeys the Lagrange equations

4
£ (a’.)- a.‘:7. = Q. , j=1,...,n
dt J o j J

0§ 9q

1 . ; '
where J = j i RN qn, qi ,+..,4%) is the kinetic-energy function, and Qj

is called the "generalized force in direction j" as defined below.
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Newton's laws tell us exactly how the system behaves when viéwed in
3N
the framework of euclidean space, R ; our problem is to describe it in

the configuration space U whose coordinates are the q‘]. Since we have an

J

3N ;
evident map ¢: U—> IR which merely changes the q"-descriptionof a

i 3N
state of the system to the x'-coordinates of ]R » a natural step is to try

.3N
to "pull back" the laws of motion in “:L along ¢. For example, if
W = 3§Nj (F (2), g () Y e
1 i i

is the differential form corresponding to work in euclidean space, then ¢ W
gives the work in terms of the qj. This is so because the change of the state
of the system in time is described by a path in ‘R3N; but since we consider’
only motion subject to the constraints, each such path is the image under ¢

of a path in U. Now the "self-adjointness" rule given above for pullbacks

makes it clear that WU = qq*W has the same effect on a path of U as does W

~ 3N '
on the corresponding path in R . Computing,

3N n i g
il Fi(c)) > &g
i=1 . j=1 aq’
n i n i e
a) ox j c) ox
= "= Fl( B yad S EjF.< V22 yad
; - i’ e il J
j=1 i - 9q J=i 4 oq

where we have identified F and qo*F = Fo ¢ (that is, the force F as a function

of the x' and F viewed as a function of the q) as is the custom in physics.

Since we have assumed that the "Fi(c) do no work, we get

% n 5 3N (a) axi
W' = S 0.d¢  where Q.= > F, .
j=1 9 Joo3=1

BqJ
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are the generalized forces; "generalized" since they need not have the
dimensions of force, although the product quJ always has the dimensions
of work.

The situation is now as follows

T.(U)

where the map @ is defined by @(a,v) = (¢a, ¢*v). As above, we will

' (] @
follow the convention of writing 8]i when we really mean -—(lT—)- .
- 9q 9q

Then we have the following straightforward derivation of the Lagrange

equations, starting from Newton's second law:

2.1
m, d’;_ = gy gle) , i=1,...,3N;
1 dt 1
therefore
n - 3N dzxi axi 3N (a) i n Bxi . n
) TS i Eoed - 3P S5 o= S
j=1 i=1 at®  aq i=1 j=1 aq j=1
dx 2 ox 0% ox
Now x = — z — q’. Therefore — = — . Hence
j=1 8q’ Ly 8q’
a’x  x _dggdx o d oo ey .d o Bx, & . af, o 0
it aq dt." ag) ¢ 7 gy e T 9 ag g’
d 8 & 5 L&



n n mlxlz a minz J
By (1), >, Q > > - > >— ldg
j=1 =1 8g" oq’ i
j= ‘e q ¢ g i
) .
a, o8t 87
=R fgi=l+ — )ag’ .
3=l 9q 9q

Since the dq‘] are independent, we can equate the individual coefficients and

get the desired Lagrange equations.

What is really going on here ? A first clue is that our formula

d Ox +j
?xt- = 2 ); q is just a special case of the formula in coordinates for
0q

Ta(qa), the map induced by ¢ on the tangent bundle. We have really "lifted"
the path c:I—> U, which describes the change of the system in time, to a
path T:1—> T.(U), where T(t) = (e(t), &(t)), and examined its form under

the map ®. More pertinent is the reason why we have organized our equations

~of motion in this f\orm to begin with. Examining the derivation above shows

z2 i
that we expressed Newton's second law, m, g }; = Fl, in terms of
dt
- g8 9 d 8. 07 .
j 2 m, 1,,gett1ng d( } )=—( J ) -t —=—='=F,,.i51,...,3N, the
dt dt i i
8:; Bx ox

Lagrange equations in euclidean space; we then pulled back by ¢ to geta

What matters

' i : ; 1
system of equations in the same form with respect to the q .

here is that the Lagrange equations in fact remain invariant under pullback

by any 1-1 map ¢. This will be done in the next section.

§6. Lifting Paths

Let W be a differentiable manifold, and c:I—> W be a path in W.

We define the lifted path < :I—> T.(W) in the tangent bundle T. (W) by
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S(t) = (c(t), 'rc(t)c). Let ¢:W —> U, Then (T.¢)(?T) = (pc), since by

detinition P4(t) = (pe(t), 7, _(oc)) and (T.o)(¥(t)) = (pelt), T ol c)) by

T
¢ct

definition of T.¢. We indicate the relationships of the above functions by

a commutative diagram

A > T.U
/ | |
w > U

If we choose coordinates ri, G W —>R for W and

1 n [R .
8 ;eses s —2 for U, we have coordinates

i'i, wE ©y 'rm; ri'rr, e llg rm,'rr: T.W >R for the tangent bundle of W and

511, o . 5 én; qi‘rr, PRp qn’rr: T.U ——> R as coordinates for T.U,

1
aq.qa
orJ

The Jacobian J = J(¢) of ¢ is the nX m matrix defined by .J"j1 =

i
]
(= ;93 for short), where i=1,...,nand j=1,...,m. The Jacobian of
T
T.¢ is defined similarly. It is a 2n X 2m matrix of the form shown below

| m .1 .m
r iiaw B r e % T
qi

* J (o) 0

qn

A

q

: 7 T (o)

« Il

a

The lower right block can be calculated as follows

.

dq. _ <= Bq _ 4r’ o= 8q" .j
= = YR ALT Y
j=1 or j=1 or
Therefore . }
T 2y Bql
_ - : for all iandj.

85:‘] . 81"]
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Thus the equations for the transformation T.e¢ in terms of coordinates are

i BB i 4 m
= S , e,
j=1 oz

The invariant description is T. ¢(b, -rbc) = (¢b, T(Pb(cpc)).
Given U, w a i-form on U, and J:T.U —>[R a smooth function,

we define: a path ¢ in U satisfies Lagrange's equation (with respect

to J and w) in the coordinates qi, “eos qn of U where

n ; - 1 1 a
w= S 0dd , T=T(d, 58, @)
| j=t *
if
d 0 07\~ .
(4) (2@ - (2N = Qe L i=dm.
9q 9q

The functions are indicated in the diagram:

/T. U J >R

As a special case, suppose theforces are conservative . By definition,

IJ; %R

A%

I

the 1-form w (the work) is conservative if and only if there exists a smooth

function )/ :U—R - with w=-dV , in coordinates

n n

- A LoV
z Q.dql = - z ——-/- dq1 so Q.= g : . Thus (1) becomes
: 1 i 1 . 1
i=1 i=1 oq 9q
3-% [( BI-J )?:'] - ia)'c‘:‘ = 0, where L is defined by
dt ! i

oq : oq -

L=(7-V.m:T.u—R






