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Lemma. If M:I—> [R is a smoath function and if

: t~1
f Mndt=20

t
o

for all smooth functions m:I—>R  with 'q(.ta); = n(:tt)'f = 0, then M(t) =0

forall ¢t with t £t<£¢t, .
o~ 1
Proof. Suppose instead that M(t) #+ 0 for some t= t,, say that
M(tZ) > 0. Then M(t) > 0 on some small interval about t, and we can

choose a "bump" function b:l —>[R  which is smooth, zero: Gutside the °

interval, positive inside this interval,and 1 at ke /\

%

Then choosing mn = bM as variation, the hypothesis gives

& ty ,
Mndt = bMZ dt > 0.
t

t
o) o]

* This contradiction gives M = 0, as desired.
The methods used here are those of the Calculus of Variations. The
result can be formulated more generally, as follows

Given h: T.UXI—>R , consider paths cO:'I —> U which make

by
) hT dt stationary in comparison with other paths c, c(to) = co(to),.
t &
)
C(ti) = co(ti) . A necessary conditiom for this is Euler's equation:
S
8q L

In the special case when h is the Lagrangian function Li’ Euler's equations

t
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are Lagrange's equations. In more general treatments, the smooth paths

used above can be replaced by "piecewise'"smooth paths.

§ 8 Bilinear and Quadratic Forms

The kinetic energy 7 is usually a quadra.fic function of the velocities;
that is, 7 :T.U—>[R restricted to the fiber (t_:a.ngent. space) over a point
of U is a ‘quadratic functlion on that tangent space. We now study certain
properties of such quadratic functions.

Let 'V bea finit;-: dimensional véctor space. Consider a function
B:vXV—[R ( (v, w)m«»-> B(v,w)). We define B to be bilinear if-
B(v,w). is linear in v (with w fixed) and linear in w (with v fixed).

We define Q:V —>'R.‘ " to be g' uadratic wh.en,

1% Q(-v) = Q(v)

g . /
3" Q(u+v) - Q(u) - Qv) det ZQp(u,v) is bilinear in u and v.

b

That i.s., Q determines a symmetric bilinear function Q7.
‘As a consequence of bilinearity, we have

Qlu+tvrtw) - Qlu) -Qv+w) = Qu+v) - Qu) - Q(v) + Qlu+w)- Q(u) - Q(w).

Letting u=v = -w, Qu) - Qu) = Q(2u) - Qu) - Qu) + 0 - Qu) - Qu)

and thus Q(2u) = 4Q(u). (We must have Q(0) = 0 since Q°(0,0) = 0.)

4 def. 1

The assignment Qt@adrati? Q =Tz [Qlutv) - Q(u) - Q(v)] symmetzric

and bilinear, has an inverse B ~> B#. Define B#(u) = B(u,u), for B sym-

metric and bilinear. Clearly, (Qp)# = Q, since
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Q%) (w) = @ (u,u) = 3 [Qlu+v) - Q) - Qw)] = F[4Q() - 22(w)] = Qlu).
Conversely, B# is quadratic:
1° B#(-u) = B(-u, -u) = B(u, u)
and 4 $.4
2° B (utv) - (u) B (V) ( £ 2(8™) (u,v)) = Butv, utv) - B(u, u) - B(v, v)
= B(u, v) + B(v,u) = 2B(u, v).
LV B.

And from this calculation, clearly (B")

Given Q:V —>[{ quadratic and W £ V a linear transformation,

then Qp:W —>R. is quadratic. For the proof, note
Q= V=S TRV =B sp
Vw(v, V) WB(V,V) = Q(V)

Check that

is symmetric and bilinear.

where B = Q',’
The rest of

X B :
LZP5yxV >R is symmetric and bilinear

WXW
the proof is indicated by the commutative diagram

W @ >
Al A\\
Wxw —228 syxy —B

for V, and letting v

i
. , we have

M”

.,e
"“n
e.), we have

n
E“'

Choosing a basis €.

B( 2 qlei ¥ o qJej) ? q q B(e e eJ) Defining
1,]

g; | the matrix of Q for the basis e,

2.
1]

n j
I

Qv) = Z./ g. Jq q’ ; we may call

Lj=1 =
Consider the functions indicated in the following diagram

. ] ~A'
—& v —L—R§
L

g
~

v

=3
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The 5:11 and q_l are the usual coordinates and j is quadratic and

positive definite on each fiber, thus J is a Riemann metric on U.

L ée—f o '1}77' is a quadratic plus a constant on each fiber. Let
n
. 1' . .
7 = g; q & where gij: U—>R , that is for ueU, (gij(u)) is the
i,j=1 ’ ‘

positive definite symmetric matrix associated with the quadratic form J
induces on TuU’ the fiber over U. But we have already noted that such
a Riemann metric gives an isomorphism
u
T U —s (T U) = T U
of the tangent space to its dual, the cotangent space. This isomorphism
. v 1 Mool s .

carries a point with coordinates (Q°,...,¢ ) to the point with coordinate
P, » where ‘ : %

J _
Zgijq R e

oq

If we apply this isomorphism to each fiber of the tangent bundle, we get a
smooth map X :T.U—> T'U called the Legendre tré,nsformation, ‘as in

the diagram i 1
q e «

U\q\

n\"‘ R

The coordinates for T.U are ql'n',,....,q T,,ql,.,.;% and for T'U

s

they are ql'n'_' o W qn'n" sPpoesss P The map }( is then defined by

1, b i " 4
qgr' L = gw, , pXL = —— .




-48‘-
We now consider the properties of this Legendre transformatian ;{

§9 The Legendre Transformation

' ; : n . . 1 n
Suppose U is an open set in R with coordinates q ,...,9 and

we are given a smooth kinetic energy functmn J from T.U to R . We

shall assume J quadratic; i.e., J = z T ?:11 . Such a function
. . i=1 aé 7

determines a smooth function X defined by

. . |
f = ——‘j-, ql-rr'f = ql-n'. . We set ‘ . /
S . TN\, /7

og!
.7 ,72"-" . From the quadratic assumption ' 6]

on .7 we have

aq" i=1 04
- 2 5J i N i
- Subtract 4 = E R dq'w + z - dq to get
i=1l 8qm, i=l 94
n . n q
aj = ( a;] g - > ——al-j—- dg'm,  Then
i= q i=l 3q ™
A 4 y
ad = aIr ) = (¥H* aJg
n n a1
9.7 Aol S} 1 i
= S a2 Lyhdiet - > S Y alae)
i=1 94 i=l 9q'Tw

£ :
(Recall that if X —L>Y ——>[  are smooth functions, then f pulls back

via @ to the function ff and we have d(£g) = }Zfst'df ﬁ"(gdf (g8) % df

Finally, using the defining equations for J ,

A < et e, 8 =2, i
dd = > (@)g ¥ - > (——4 ")dam .
=1 * i=1 aq'm
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SN 2. 8] i
But also dJ = E B dpi + z 5 dq 7° , and the coefficients
i=1 P i=1 8g -

of the differentials are unique. Thus

A i A
wig-a_ 87 8] -1 8.J
. q ’?’ = ap and = i z = i ]
i _ oq T. oq T

. i A e
which are the equations of the transferred kinetic energy J in terms of

the given one J .

Now if we have a mechanical system with Lagrangian L = J-V in
which a path c 'satisfi.es Lagrange's equations; then these last equations
yield Hamilton's equations for c. Let's follow the convention in mechanics :

of not writing in the maps ,, T and .?; , S0 the last equations are

. "N J A
dq 87 8] - 8J
a0 Y e

Py oq oq
By definition of X

dpl _i(aﬂ)=_d( 8._2 )
dt dt -1 dt 1

0 9q

A
_ 8% _ 8t 8% __(aJ " a’/)
aql aql Bql aql aql

. -1
So by setting 9'/ =J +(V'<p , we have Hamilton's equations

dq- _ 8.5 - P, gy
it - N
o api | dt aql

A

Exercise: Let n=1 and J = g'qz, where U—2>R . Calculate J .
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We want to understand bc;etter how this scheme produced these
equations., Notice first that X fnag;s TaU :intoA T?U :- which is to say
Z 1 ) 1r —> 7 isa morphism of prebundles. Thus we may as well
look at 2’ on each fibre.of T.U and paste the fibres together where we
must., So consider a finite dimensional vector space V (think of this as .
TaU fo'r.some ac U)

a) At each point' veV, TVV =V (-rvc«wW w) , where c(t) = v+tw

is a curve I—> V. (Identify V with 'I“’V by this isomorphism. )

b) At each ve V, TV 2V (dvf'w*" @- ) where

dvf (w) = ac—i-(f(v-i-tw))l fSR . (Again identify v™ and TV, )
t=0

*
¢) T°V can be identified with VXV  via

AN A e
(v, dvf) (v, dvf)
T'V >V XV
'“"\ ™ where w(v,a) = v.
v = v
v = > V
We have another projection V X V* sy T (v, @)n~—s a .

d) A 1-form w on V is a smooth function w:T— T°V such that
Tow = '1V . Composition of o with a ) V X V o v
{i-form w produces a smooth function - -

z = gow,
w
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e) In particular, suppose L: v —~R is smooth (think of L as a

Lagrangian function restricted:to one fiber of T.U). Then dL is a

de %
~ V . To compare this with the

1-form and so determines V
example at the beginning of this section, let the potential energy be zero

so L=J . The first defining equation for ¥ says Z‘dj = ftT»ociﬂ when
written in coordinétes. Returning to the general case, the explicit formula

for de gives each value deV as a funct;on of w:

= L(v +tw) .

deV(W) T at -

)
f) Let e,,...,e_ be a basis for V with coordinates e ,...,en;
1 n

.1 y
then e ,..., e” are a dual basis for V" with coordinates ei, W5 85 en.

The formula for a?de = x in these bases is

Tv(w) = > (ﬂj“- ) gl

j=1 oe L]
” 2 i i 5L
" Apply e, to both sides and use e = é to get e. L v = or, as
i i j g gei v
functions '
e.f=£ , i=1,...,n.
i i
Oe

’ N T .
In the mechanical rotation e = g and e, = p,, since V= TaU and

»0e a ) n :
V' =T U for ae U, U openin R , and the result reads
' oL
pX = ——

.a{;l
as before. '

The Hamiltonian function arises from asking the question: when is f

invertible _1: (This is probably not the wayl Hamilton found it. )
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By the Inverse Function Theorem (see Abraham p. 10), Iﬂi exists if
2 _

8 L
X

and only if the matrix (———| ) 1is non-singular at every ve v.

dede’
N e ; g -1 .
g) Suppose x invertible. Does r{ come from a smooth function

* : ; :
on V in the same manner .Z came from a smooth L on V? That is,

* ) -
is there V. — >R such that & 1amoanz

7

%
VXV

‘ >V
From part f) we have R
n g ~ aH| |&
dL = >3 (e.X)de’. !
i=1 v
Let's try the formula dual to this one:
, A - ' .
We want H so that .dH = z (e.{ 1)dei . Use the derivation property
i=4
of d:
2., et N SO = i,-1
2 (e “)de, = d[Z(e 2 Te.] - z e.d(e Z ).
) i . i - i
i=1 i=14 i=1
The second term on the right is
n n
‘i i w=1 -4 % 1
-S> e BTN AL T = - (T S (ef)de

i=1 i=1

Substitute this in our conjectured dH to get

ag = a[S (i Me, - L2,
i=1

so H should be

The steps reverse so this is indeed the right formula. On elements,

-1 Ty 5%
H_= Loy =LA for eV
y Ls "% 4

\ausual inner product



and in mechanical notation

n .
H= zélpi-L.

i=1

3 | ; =l : : ;
(Notice that we are leaving out z and qf as is customary in mechanics.)

If,‘in particular, L = J -o]/ where (V is a function of only the ql's and Jh §

is quadratic as in our example, then

H= i L 8] -L=2] -L=g+V

i=1 oq

Given the Lagrangian L, define the Action A: V — R , and

Energy E: V—=R by Av=< dLv,v> , Ev = <aTdLv,v> - Lv. Both

are smooth functions.

The last lecture proved most of the following theorem:

Theorem (Legendre): If V is a finite dimensional real vector space

of dimension n, then

1) for each v e V, there is a natural isomorphism TV = V" (which

we consider equality below)

2) for each smooth L:V —s I , there. is a smooth

% 0
ity ¢

In coordinates

=1
with ei,‘. -ese 2 basis for V. Py dL

for L.

(v anne> de)

is called the Legendre transformation




-54 .

3) the function J = Zde is invertible if and only if the matrix
82 L
|
detaed v

is the Legendre transformation for H: V — IH_ defined by

) is non-singular at each v e V. If this is so A’ 'V -V

4 -1 =l
Hy=<y,X y>-L{ 'y = EI "vy.

4) in particular, if L is quadratic,then ,Z' is the isomorphism of V

with its dual given. by the inner product induced by L and E = L in this case.

[See Sternberg pp.4150-153, Goldstein pp.245- , Abraham '§17 .]

Corollary 4. If U open in [Rn, I open interval.C [R and

L: T.UX I-—>R is smooth, then L on each fibre determines

-
T.UXI >TUXI

./

N L
UXI
and all parts of the theorem hold for this,:( . (Abraham calls :(’ the fibre

derivative of L.)

Corollary 2. Let c be a pathin U, T lifted pathin T.U., If ¢

satisfies Lagrange's equations for L, then X 'C satisfies the canonical

differential equations for H (Hamilton's equations):

dq' _ 8H el 4Py 0H
dt Bpi dt 1

Exercise Prove Corollary 2.
_ . .o en :
Forget the projection, so T U is an open set in {{_ and on it sits

a first order differential equation -- Hamilton's equation of Corollary 2. We
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shall consider changes of coordinates in this 2n-dimensional space which

leave this differential equation invariant. To do this we need to consider

2-forms, and in general k-forms.




Chapter II. Tensors and Exterior Forms

§10. Vector Fields

n 1
Let U be openin [{ with coordinates q ,..., qn. A vector field

X on U is a cross-section of the tangent bundle of Uji.e., w X(a) =
for all ae U,
For example, for given coordinates ql, T.U

we can define a vector field D "along the axis

ql" by D(a) = (a,D'a), where DY(a) = T, (path along

ith coordinate axis) = unit vector in ith direction U

in Ta.U’ fori=1,...,n. This clearly defines a cross-section D! of the

tangent bundle. The set of vector fields on U is an F-module, where >

is the ring of smooth functions U —>|R . The j—module structure is

given by the equations

(X +X2)a=X a+X. a

i 1 2
in(a) = f(a.)-Xia ,

for ae U, fe '} and Xi,X vector fields. The vectors Dl(a.), i=l,cee,d

form a basis of TaU’ so

nz Xa)D

e
-

n .
thus X = z XiD1 , where the functions X.: U —>R are smooth and
i=1 }
. - {
unique. This says that the vector fields D ,..., D" are a basis for the

set of vector fields on U as a real vector space.
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Each vector field X produces a function called the Lie derivative

L
F—25 7 witn |
e LXf(a) =< daf, Xa> = derivative of f along X,

Here we need "smooth" to mean Coo' since otherwise fo has one lower
order of differentiability than £f. The function LX has the properties

(1) LX is R -linear,

(2) Ly(frg)=f-Lyg+g Lof.
Property (1) is a consequence of the linearity of da and < ,Xa>, For (2)

Ly(frgla = <d f-g Xa>

< o L >
f(a) dag + g(a) daf,Xa:

f(a)<‘dag,Xa> + g(a)<daf,Xa>

= (f- LXg + g-LXf)a .
& i
In coordinates, X = 2 XiD so
i=1
e TR i
= <
Lyf = Z - dg , > XD >
j=1 oq i=1
n n
' of .
= <
¥ 2, e R
i=1 j=1 oq
n PR :
= z X. —af. , since <qu,D1> = 8 .
: . 1 1 1 -
= aq
In particular, if X = D', then
" £ af_ ,
so L ., is sometimes written B/qu .

Dl
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Definition. A derivation on the ring F is an R-linear

function 0: 3 >3 such that

8(f-g) = £-6g + g- 6f.
Each LX Visi a derivation on 5‘ ; in fact, these are all the derivations
on 7.
Theorem. For every derivation 8 on 3 , there is a unique vector
field X such that 6 = LX .
Proof. Take a ¢ U, Since translations are inv;ertible functions
which pfeéerve all differentiable structures, v;re may as well assume a = 0.

Since U is open, it contains a ball with center at the origin: for any u in

that ball define a path ¢ in U by
' c(t) = tu.

The Fundamental Theorem of Calculus gives us the equation

1

£e(1) - £e(0) =j << a
0
(i o Bfe i
= % T q (ua) dt.
0 i=1 0q
: dfc 1
Set hi(u) =f == dt and notice that q (u) is independent of t:
0 9q

f2) = €0) + S n(w)alu).

i=1

Then, by the defining property of 8°

4(0) + q'(0)en, (0)

6£(0)

of
i
Bq 0

n
> h(0)e
i=t
> eq¥0)
=1
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. : 5
since g(0)=0 and hi(O) = ——f— . Forany fe F  then we have
9q 0
n
)
ef = E qu- i i
i=1 9q

which is exactly LXf when Xi= eql. The Xi uniquely determine X, so

the theorem is proved.

§41. The Tensor Product

This section begins with theA material in MacLane and Birkhoff
Algebra, Chapter VI, §§4 and 5, and Chapter IX §§7 and 8.

A tensor is sometimevs describéd by symbols with many indices,
upper and lower. To réall'y understand tensors, we must understand their
relation to the basic vector space V under discussion. Tensors are in
fact elements‘ of new vector spaces built up out of V and its dual space by
the operation. of tens§r product. |

Given vector spaces V and W, a tensor product of Vand W is a -

vector space, which we will write V®W, together with a bilinear function
® :V X W—> V®W, which have the following property: if B: VXW—>T
is a.ny'b:.hnea.r function, then there is a unique linear map F:VRW— U

such that the diagram below commutes:

LAV RQW
vxw/

|

th\lj

Briefly, we say that & is "universal" among bilinear functions on VX W,

If we write the image of the pair (v,w) ¢ VX W under the map X as







