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Definition. An exterior k-form w on U (k=0,1,...,n) isa

: k
smooth cross-sectionof AU
T

U

Thus a k-exterior form w on U is a smooth map U LY AkU
of the form anr~=(a,wa) where Tae Ak(TaU).
Note that a 1-for1;n by this definition coincides with our previous defini-
tion of a 1 -form, and that a 0-form is just a smooth map from U to R.

Definition. S'Zk(U) = the set of all k-.for'ms w on U,

We remark that
1) Qk(U) >is a vector.space over R, with vector space opeations as
follows: if we Qk(U), ae¢eR and w: a~n~>(a,a), then

aw: an~s(a, a(wa)) ; w tw,a (2. Gla + ’u")za.).
2) Qk(U) is an 9 -modulle, where @ = the ring of smooth functions
f: U—» R . The module acfion is given by fw:aar»(a,f(a)da).
3) For each k and m, ther; is an exterior product
2(U) x @7 U) —> 2 (1)

(@, n)arr>wan

defined by
wAN:a ~Araap(a, B(a) AT(a)) .

This is well-defined since ®(a) and %H(a) are both elements of A(TaU),
The exterioz; product is associative and bilinear. Thus the Qk(U) form a

b
graded algebra Q (U) over _’} .
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Since Ak(U) has as basis all k-fold wedge products of the dql,

1 n '
where q ,...,q are coordinates in U, any k-form w is of the form

Ry 5 i i
1 k 1 k
w = E f Adg A...ANdg :

<i. < <ji, <
1 i, <. :_k_n

. I | S

where £ . N :U—>R . Ifthe p ! are the coordinates corres-
iy .
ponding to the dgq A ... Adq , then
i i SEERE
f =p °ow

Given a smooth map U -LP—>U', we have an induced map

a *
T2y <L TaU', which in turn determines, via the properties of the

*
exterior algebra, a map QkU <—‘P—QkU' such that ¢* is linear and

o* (wAm) =(o* w) A (&* m).

Then if ql, 2 BE ¥ qn are coordinates in U and rl, PR " in U, it

will follow that

i
0
0" (dqlf\ AN dqn) = det:(——q.—q';—)clrl A Adr"

BrJ

which is just the usual change-of-coardinates ruie.

N;JW we define the basic operations of exterior differentiation
of forms.

Theorem. There exists a },:}nique linear map

dtﬂk(U) —_— Qk+1(

U) for each k
such that
1) for fe QO, df = usual differential of £

2) dlwamn) = (dw)An + (-l)kw Adm, where k = degree of w [i.e.,
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- every time d is moved past something of degree 1, the sign changes]
3) ddw =0 for all w

(d is called the exterior derivative)

Proof. If d exists, then by linearity and (1)-(3),
' (PRI | i i
d(zfl lkhdqlf\...l\qu)
' 1 sasll i i
S det Fadaqgla...adg®)

; R i i
S at ! ® dg A nde X

since all other summands have a factor of the form ddql and hence are
zero by (3).

Since every k-form w can be written as

; NP | i i
w=2f1 kdql...qu

11...1k

for smooth functions f , the above shows that d, if it exists,
must be unique, since it is determined by its effect on 0-forms, which
is specified by (1). But the above expression also defines a function

k k+l n g ;a3 g ;
d:Q(U) —> Q" (U) for each k. It is easily verified that this d is

linear and satisfies (1)-(3).
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Chapter III. HAMILTONIAN MECHANICS

17. Calculus of Variations

Suppose that M is a local manifold with coordinates yl, -

g ek K:T.M xI—>R

is a smooth function. We have already seen that the integral
[
¢ Kdt
is stationary along the path c:I—> M if and only if c satisfies Euler's

Eguations for K:
d oK

dt

" 9K
oy’ oy

=0 i 1= L, ...,

In particular, using K = L, we obtained Lagrange's equations in this way.
Theorem. (Generalized Hamilton's Principle): Given U with

; 1 » .

coordinates q ,..., qn, additional coordinates Pyo-es P in T U, and

a smooth function H: T U —R , then Hamilton's equations for H are

just the Euler equations for the function

n .
A o 1
K= 2> pid -H
i=1
where M = T U.
Proof. T U has coordinates ql,...,qn and PysvcsP s 8O

i

Euler's equations correspondingly take two forms:

1) for the q''s

d ?BdK oK
dt li - 1 = O
9q 9q
or
d oH
dat Py -~ i ?




2) for the pi's

A R | 2R
at op, b,
or
-2;11+ :p—H- = 0, since K is independent of f)i ’

In 'the above, we wéuld like to express
. f z pifq_i dt
in terms of a differential form. Suppose
c:I—>M
is a curve in M, lifted to
€:I— T.M.
Let w be the 1-form

n :
i
w = i§=1 pidq on M.

Pulling @ backto I via ¢, we get

t i=1
o
is just
£1
(c"w) dt
tO

In what follows, we'll find it convenient to use the 2-form
n :
i
Q= =
| dw 12_1', dpi/\ dq

rather than w itself.
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M = T.U is called the phase space of the system, and U is

called the configuration space.

Definition. Let M' and M be phase spaces with coordinates

1 n 1 n
¢ b g A = R siewg @ § i i ;
Q, Q 1 L and q 93 P P, Te spectively. A

smooth, one-to-one mapping M'—> M is called a canonical trans-

formation, or contact transformation, with respect to the given coordi-

nates, if
S dp, hdal] = EdP A dot

The importance of these transformatio-ns is that they preserve
"Hamilton's equations:

Theorem. Given a canonical transformation ¢: M' —> M,
a smooth map- H: M——>R , and a path ¢ in M' such that the image
of c is contained in some open, simply connected subset of M'. If
¢c satisfies Hamilton's canonical equations in M for H, then c satis-

fies them in M!' for ¢*H

R~

Proof. We want to show that ~N &c
t]. n i o N
. (> Pdat-fHpa e
o i=1 ‘ \\
: : . M! Y __>M
is stationary over the path c¢ with ~

~N ;o'l‘& H
respect to nearby smooth paths with N
’ ~ ~N
the same end-points.
>R

Since the transformation ¢ is canonical
i i
de (2> pdq) = ¢*( > dp,Adq)
5 A agl = i
>, dP A dQ d( > P.dQ) ,
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so the 1 -form
p=o" (> pidqi) - 2 Piin
is closed, i.e., dp = 0. Thus (by Poincaré's lemma, to be proved
below) there exists a O-form F on the open, simply connected sub-
set §f M contair;ing the image of c, such that
p = dF

on that subset. Then over any curve Yy in this subset,
t

i n :
f (> P.dQ’ - ¢*H) at

t i={
o

” .
=_f;1 (o* > pidql) -p - o%H) at

(o]

t .
=J; Lo S .pidql - H) - dF] dt

t .
=f S p,dd - H) dt - F((t,)) +F(y(t_))

t
o

t
1 i
[T padt - B e - R4 ) + RO,

t
o

where the last integration is over ¢y. But we are comparing c¢ with
nearby curves y with the same endpoints. Thus F(\((ti)) - F(y(to)) is

a constant. Then since

[ (5 e
i
" (> p,dq - H) dt
O s
is stationary for the path ¢c, the above relation says that

t
1 i :
d _ o
ft [ = Pi Q" -9 "H) dt
‘ o
is stationary over c.
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Examples :

1) Let M —% > M be the transformation defined by

_ 1
pi¢ - -Q

. «
i

i
qe
2 i 5 i
¢*(> dp,Adg) = X dlpe)ad(qe)
i=1 = :
=- > dQ'AdP,

dP, AdQ' .

i

Thus ¢ is a canonical transformation.
2) We will see later that if V L 5 U is a smooth, invertible map of

T U of the co-

configuration spaces, then the induced map T V <

tangent spaces is a canonical transformation. Such a transformation is

called a (canonical) point transformation.

§18. Application: The Harmonic Oscillator

a) The linear oscillator (cf. Goldstein, p.24 ):

This concerns the following phase space:

U is one-dimensional with coordinate gq,

We would like to find a canonical transformation of T U so that

H is of a simpler form.
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Let p=Nkm F cosQ,
g=F sinQ , where F is a function of P.

Then

1 2 2 k .2
= — = =F
H 2'[p + kmgq | =3 .

dpA dq Nkm (F' cosQ dP - F sinQ dQ)A(F'sinQdP +F cos Q dQ)

Nkm FF'dPAdQ .

[]

So our transformation will be canonical if

dPAdQ = Nkm FF'dPAdQ ,

ie., if
Nkm FF'=1{.
We can integrate this to get
¥ :—21_1_.
' (km) /4
Let w =‘(km)1/2 . Then
H= % F2 = wP,

so Hamilton's equations become

dQ 4P

= —=0.

a Y &

These may be immediately integrated as

Q=wt+a , P = constant,
and
P = mw (Zp/mw)i/z cos (wt + @),
q = (Zp/mw)i/z sin (ot + a).

These are of course the familiar equations for the (one-dimensional)

harmonic oscillator.
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b) As a further example of the technique of canonical transformations, we
consider the case of any oscillation around an equilibrium position. A point
of equilibrium is characterized, in configuration space, by the equations
8V/8<:1i =0, all i. For n = 2, imagine the poteﬁtial function VA to be repre-
sented by a surface in space; at an equilibrium point this surface has a
critical point, which in the stable case is a local minimum. The state of
the system behaves like a marble rolling on the potential surface; it oscil-‘
lates i)ack and forth in the potential well, To see this, we expand T and V
by Taylor series about the origin, neglecting all except the quadratic terms:

eiej

- - ij
T a4ad v Ebijqq.

where the aij and bij are constants (here we've used the fact that the point
: 1 2 n . - ; _—
at which q" =q =... =q =0 is acritical point of V to eliminate the
first-order terms in the Taylor expansion of V). We can find a linear
transformation to new coordinates {rl} in which T is diagonal:
ei 2 sk .
T = Z (r)®. The well-known principal-axis theorem now allows us to
change coordinates again so that V also assumes a diagonal form,
iz, "
V= Z ki(r )" ; since these changes may be made by an orthogonal trans-
formation (which preserves the inner product), T remains diagonal. But
now that we have diagonalized both T and V, we see that each of the i coordi-
nates -r satisfies the equations T'= i-z, V= krz, which we have shown lead
to simple harmonic motion. We say that small perturbations around a point

of stable equilibrium produce simple harmonic motion in each suitably

chosen coordinate.
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§19. Canonical Transformations.

We will now prove that every poiﬁt transformation (one that
is given by a smooth,1-1, onto map of configuration space) is a
canonical transformation; at the same time we will be able to get a
more natural invariant description of the basic form £, which we
have been writing as 2 = z dpin dqi. Recall that to each map
9:U—> U' we associated a.vlinear map o T¢(a)(U') s Ta(U). In
particular, we can regard T°(U) as a local manifold, and the canon-
-ical projection w onto U as a smooth map of local manifolds. Then

! maps the cotangent

given w e Ta(U), ® maps (a2,w) to a andso =
space to U at a to the cotangent space at (a.,w) to

T (U):
™ T — ,T(a"”)('r' u).

Define the one-form w on T U by w(c) = (¢, 7 (w)) where c = (a, w)
is a point of T°U (that is, ae¢ U and w e TaU), and w(c) is a point
of T'(T'U), since ce¢ T'U and mwe T(T U). Let us find what _
this invariant description becomes in terms of coordinates {qi} in U,
and {qio 'rr,pi} in T'U. We can always write w as daf for some

smooth function f; then

_ _ _Bf i i
w=df = : dq = > p(c)d q .
; a
Hence 4 3
™*w = : =
w= 2ple)d, (dem = > plc)d (dom),
80

wle) = (e, S py(e)d_(q'om).

Thus by abuse of notation w = > pid(qlo ™= > pidq1 , which is
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the same form we have been working with all along. In particular,
Q = dw, having been described invariantly, is independent of the par-
ticular coordinates we use. But our smooth bijective point transforma-
tion ¢ may be interpreted as nothing but a change of coordinates: if
{qi} is a coordinate system on U, then so is {qia ¢}. To say that Q
remains invariant under ¢ is to say that Q2 is the same whether ex-
pressed in terrﬁs of {qio ¢} or {qi}. Hence ¢ is a canonical trans-
formation.

For those who like to get their hands dirty, here is a direct
proof that ¢ 1is canonical: let {Pi’ Qi} be the new coordinates on
T'U induced by ¢; then

i

i o j i

dq =§:—qj—c1c2J =ZadeJ,
u 0Q J

j ,

0 ) oQ J

Pi = i = 2 j i = Z pjbi 2
9q j oQ 9q j

J i
where bi and a. are in fact inverse matrices. Then
J

.

S (Shir)a (S 2 an")
i3 17k

> (Zbi']akl)P_r\ko = > p.adaQ"
IR .
5k

j

w = ZPIAdql
i

so ¢ is indeed canonical.

Definition. A smooth family of maps e, is called an infinitessimal

—— e e - o

canorical transformation if the induced coordinates {Pi(t), Q'(t)} in
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phase space satisfy

g1 =B i
-d_t z dPil\ dQ ) = 0.
i=1 t=0

Theorem. Every motion in phase space satisfying Hamilton's
equation is an infinitess.imal canonical transformation.

Proof. We will prove more; in fact we will show that the map
which takes every point of phase space at t =0 to the point repre-
senting the corresponding state of the system at time t is a canonical

transformation. For this we calculate:

(zdp AdQY) 2&( 4 Yo ™ + iZdPiAd(ﬂ

(since ¥ £ i8 a functidn—a— (af) = d(-a—f) is easy
; ot ot
to derive)

>

i Q"
, BZH 82H '
= Z (S 22 dolaat+ > —— dP.AdQ)
aqtaq’ j aQ BPJ J
2
3°H i
+ Z<Z dP"dQJ*' >, 3B.5p, OF M)
i j oP, BQ J i j

Since mixed partial derivatives of smooth functions are equal, the second

and third terms cancel. But the first and fourth terms are both zero,

) i j_ j i _ 4 )
since dQ'AdQ” = -dQ'AdQ". Hence dt (ZdP AdQ) = S Q 1is zero

for all times t, so the motion of the system to time t is a canonical

transformation for any t.
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We sketch another proof of the preceding theorem. Let ¢ be a
smooth map of an open set in R into M, where M is now viewed as
any 2n-dimensional manifold. Let the coordinates on [RZ be u and v,
and the coordinates on M the usual {qi, pi} . It is easy to see that

any 2-form w on M is determined by the set {cp‘w} for all possible

such ¢. But

: op.o ap @
T d(p,e)ad(q'¢) = = (—— du + dv) A (—‘1— du +J—Ldv
1 i 3 ou ov

o*(Z dp,Adq’)

ia,¢) 3(q @) ) 3(q'¢) _'a(pi'p)
ou ov ou oV

) dua dv .

= 3
1 v

The coefficient of duAdv in this formula is called [u,v], the Lagrange

bracket of u and v, to prove the theorem, we must show that d/dt[u,v] = 0

at zero for all ¢. We do the calculation only in the case where M is

2-dimensional, with coordinates p and q:

_.( o Bv) au _I;I.)E_;% g sa;( 2-I;;I—) (interchanging differential

operators)

_ %M »p dq __08°H dq Bq , ®°H 9p dq , 8°H 8p ¥

9pdq du dOv  99qdq ©Odu Bv 9pdq ©Ou dv  9pdp du Bv '’

The first and third terms above cancel; and when we subtract
op © ; ;
d/dt(gve 53‘ ) corresponding terms also cancel each other, so the result is

- ZEero.



-94-

§20. Symplectic Spaces

Wé r;ow fi;rn tb th;z vprroblé'm of finding a. standard way of wfiting
—Z-fo;'fns on 7M. It Wiil turn o{lt tha.t " under sﬁité.bie cénditions, any
”cltr:»s‘et‘i Ian>d- noﬁ-d;generéte 2--fo;;;x can be ‘e’xpresséa as z dpi/\ dqi for
sonﬁe sAt-et of cbo.rtAi‘ir;aters {bi’ ti.} .- We i:;ék first at the s.ituation on a
vectf;'J_r .Aspja.c”e (1e , on a. éihgie 'fi»;bev.r of tpina.bse sﬁa;:e)‘.

ghme B o : O P T LT PO B — *
Theorem. Let V be a finite-dimensional vector space, w € AZ(V Y.
Then there is a basis {el = 5h er;x} of V and an integer r such that

"1 " n+l 2r

~ - - r
w=e A e +... +e Ae

Proof. Regard w as an alternatihg bilinear form on V. We may
assume w 7‘ 0; then we cén find linearly indepéndenf vectors el, ez with
w(el, ez) # 0. By scalar multiplication we can adjust e, and e, so that

w(el,e =1, Now let S be the subspac.e of all v e V satisfying

5)

w(el,v) = co(ez,v) = 0. Calculation shows that no linear combination of e,

and e, lies in S. Furthermore, V is spannéd by S, e and e, For

let z be any vector of V; we wish to find numbers x and y such that

v =1z -xe -ye, liesin S. To force w(el,v) = 0 we must have

1

w(el,z - xe, - yez) = w(el,z) -y=0. Thus y= w(el,z); similarly, we

can take x = -w(ez, z). This accomplishéd, we now apply the same tech-

-

nique to the form « restricted to-S. We find ey €, € S and a subspace

S'S S such that no linear corﬁbiﬁation of e3 and ey lies in S', but e 1€y
(k)

and S' span S. Continuihg in this fashion, we eventually find S on

e }

hich is identicall « D h i i
which  is identically zero hen, choosing any basis {62k+3’ e
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for S(k), we get a basis {el, 1% Ep em} for V with the property that

w(e ) =1, and all other

preg) = elegiey) =0 = wle a1’ C2k42
w(ei, ej) = 0 (except for reversals of the above, e.g., w(ez,el) = =1}

This means that w= ell\ e2 + e3f\ e4 + ... * eZka\ e2k+2.

Renumber-
ing the e's gives us the desired formula, as in the theorem.

*
Each w determines a linear map w* :V—= V given by

[w‘(v)]’v‘ = w(v,v'). We say w is non-degenerate if w 1is an iso-

morphism. Since V and V* are finite-dimensional, this is equivalent
to saying that w? has zero null-space; in other words, wv,v')=0
for all v' implies v = 0. Using now the canonical form given in the
theorem, we derive

Corollarz' 1. If w is non-degenerate and in the form given by

 the theorem, then V is 2r-dimensinal.

For if m » 2r, of ,v) =0 for all ve V.

eZr+1

More computation with the canonical form establishes

Corollary 2. If V is on-dimensional, w is non-degenerate if -

and only if WAWA... AW (n times) = 0.

Corollary 3. The integer r in the theorem is determined by

o, =0,

The number 2r is called the rank of w.

Definition. A symplectic vector space is a finite-dimensional

vector space V with a non-degenerate form we AZ(V"‘).V

i






